A detailed four-dimensional model of the coronary artery tree has great potential in a wide variety of applications especially in biomedical imaging. We developed a computer generated three-dimensional model for the coronary arterial tree based on two datasets: (1) gated multi-slice computed tomography (MSCT) angiographic data obtained from a normal human subject and (2) statistical morphometric data obtained from porcine hearts. The main coronary arteries and heart structures were segmented from the MSCT data to define the initial segments of the vasculature and geometrical details of the boundaries. An iterative rule-based computer generation algorithm was then developed to extend the coronary artery tree beyond the initial segmented branches. The algorithm was governed by the following factors: (1) the statistical morphometric measurements of the connectivities, lengths, and diameters of the arterial segments, (2) repelling forces from other segments and boundaries, and (3) optimality principles to minimize the drag force at each bifurcation in the generated tree. Using this algorithm, the segmented coronary artery tree from the MSCT data was optimally extended to create a 3D computational model of the largest six orders of the coronary arterial tree. The new method for generating the 3D model is effective in imposing the constraints of anatomical and physiological characteristics of coronary vasculature. When combined with the 4D NCAT phantom, a computer model for the human anatomy and cardiac and respiratory motions, the new model will provide a unique tool to study cardiovascular characteristics and diseases through direct and medical imaging simulation studies.
INTRODUCTION
A detailed 4D computer generated model of the coronary artery tree has great potential in a wide variety of applications especially in biomedical imaging. Examples include the development and evaluation of instrumentation, and image reconstruction and processing methods for cardiovascular imaging techniques. Also, in combination with a beating heart model, it provides a useful tool in the study of coronary circulation and in the understanding of cardiovascular diseases in the future.
In medical imaging research, the 4D NURBS-based cardiac-torso (NCAT) phantom has been developed to provide a realistic and flexible mathematical model of the human anatomy and physiology [1, 2] . Nonuniform rational b-spline (NURBS) [3] surfaces were employed to describe the organ shapes in the phantom. It includes a simple model for the largest branches of the coronary arteries based on 3D angiogram data. Further enhancements are required, however, in order to incorporate a more realistic and complete model of the entire coronary arterial tree.
generation from segmented branches of the human coronary arterial tree. During the course of generation, the fluid mechanical constraints and optimality of the branching angles at bifurcations are met.
In this paper, we combined segmentation with a mathematical model and algorithm to develop a computer generated 3D model for the coronary arterial tree based on two datasets: (1) gated MSCT angiographic image data obtained from a normal human subject and (2) statistical morphometric data of porcine hearts. Our aim is to develop a realistic 3D model of the coronary arterial tree which satisfies the anatomical and physiological constraints of the human coronary vasculature.
METHODS

Anatomical and Statistical Modeling of Heart and Coronary Arterial Tree
In order to generate a realistic coronary arterial tree, both anatomical and morphometric data of the heart and coronary artery are essential. State-of-the-art MSCT cardiac data on a normal human subject provides high-resolution anatomical details of the heart and coronary arterial tree. To extend the segmented vasculature, morphometric data of porcine coronary arterial tree are used to provide the important statistical information, including lengths, diameters, and connectivities of the artery segments, of the three main coronary arteries.
Anatomical Cardiac MSCT Data
High-resolution MSCT coronary angiographic image data of a contrast enhanced normal human heart was used to define the initial segments of the coronary arteries and the geometrical details of the cardiac layers. The data were obtained from Elliot K. Fishman, M.D. of the Department of Radiology at the Johns Hopkins Medical Institutions. Figure 1 shows sample images of the MSCT dataset. They consist of 512x512 transaxial CT images of the entire heart taken at 0.6mm slice thickness and a pixel size of 0.39mm. Only the end-diastolic phase image data, which corresponds to 0% of R-R relative delay, were used. The main coronary arteries, including left anterior descending (LAD), left circumflex artery (LCX), and right coronary artery (RCA), that were visible in the image data were manually segmented to define the initial segments. The heart layers including the epicardium and myocardium were also manually segmented to define the geometric boundaries of the vasculature. Three-dimensional NURBS surfaces were fit to the segmented structures of coronary arteries and heart layers as shown in Figure 2 . 
Morphometry of Coronary Arterial Tree
The statistical morphometric measurements, including the connectivities, lengths and diameters, of each order of the coronary arterial segments from excised porcine hearts [4, 5, 6] , were used to provide the statistical guidelines for the coronary arterial tree generation. The hearts were excised and prepared with the silicone elastomer-casting method as described in [6] . The measurements were obtained from histological specimens by optical sectioning or from vascular cast. Kassab et al [6] proposed a diameter-defined Strahler ordering scheme to systematically define the orders or generations of coronary artery segments in which the arterial segments were categorized into non-overlapping diameter ranges, from the largest artery, order 11 or 10, to the smallest precapillary arterioles, order 1. According to their findings on porcine hearts, the branching of the arterial tree was dominated by bifurcations and only a very small number of branches had trifurcation, arcading or anastomese. It is reasonable to approximate the branching of the coronary arterial tree solely based on bifurcations. A total of 11 orders of vessels lied between the coronary capillaries and the aortic sinus for RCA and LAD and 10 orders for LCX.
In Table 1 , the morphometric measurements of the LAD branch of the coronary artery tree are shown as an example. For each parent segment of the artery tree, our generation algorithm generated two daughter segments. The connectivity, C(m,n), in morphometric data was used to calculate the probability of a parent segment of order m having a daughter segment of order n. Thus, the order of one of the two daughter segments at a bifurcation could be stochastically determined based on the connectivity probability distribution. Given the order of the daughter segment, the corresponding diameter and length were chosen from a Gaussian distribution as defined in the Table 1 . Since the morphometric measurements of Kassab's paper were based on porcine hearts, the diameters and the lengths of vessel segment were required to be linearly scaled to the normal human coronary arteries as defined by Dodge Jr. et al. [7] before applying to human coronary arterial tree generation. 
Mathematical Algorithm to Extend the Coronary Arterial Tree Model
Fluid Dynamic Bifurcation Constraints
The relationship between the flow rate through and diameter of a branch segment was first proposed by Murray [8] as
where Q is the flow rate, C is a constant that depends on the organ and the fluid, d is the diameter, and n is a constant called the diameter exponent. Under the assumption that blood flow obeys Poiseuille's Law, Murray's Law suggested that for arterial networks minimizing pumping power, the volumetric flow rate in an arterial segment is proportional to the cube of the diameter, i.e., n=3. Changizi et al. [10] suggested that the flow in human coronary arteries is not entirely steady and laminar. Instead of a constant value n, they argued that values of n should be considered within the range [2, 3] , i.e.
[2,3] n ∈ .
As shown in Figure 3 , for a bifurcation site, a parent branch of diameter d 0 has two daughter branches of d 1 and
Using the above relationship, Kitaoka [9] derived the equations expressing the diameters of the two daughter branches in terms of the parent diameter and the flow dividing ratio r: Hacking et al. [11] suggested that drag force or shear stress acting on the lumen walls is the most likely major determinant of branch angle in vascular systems. According to Zamir's derivation [12] , the optimum branching angles for minimum shear stress were 
As suggested by Smith [5] , as the flow through each segment at the stage of network generation was not known, q 1 and q 2 are approximated from the resistances of each segment divided by the sum of the resistances of both child segments. So, q 1 and q 2 can be approximated from the ratio of fourth power of radii of the child segments with their sum, i.e., 
However, the two optimal branching angles were not sufficient to define the directions of daughter segments in 3D space. A branching plane, which will be defined in section 2.2.4, is required to position the daughter segments in 3D space.
Self Avoidance Algorithm
To guide the tree generation, each existing vessel segment repels the new vascular segment by growing away from its upstream position with a strength inversely related to their distance. The newly generated vasculature tended to grow away from existing structures and toward more sparsely fed layers [4] .
As the segments were generated from the largest to the smallest orders, the segments of larger order or previously generated segments of equal order determined the direction of the newly generated segment. As depicted in Figure 4 , to generate a new segment at bifurcation site c x , the self avoidance vector, s v , was defined as 
Boundary Avoidance Algorithm
Another important factor to guide the tree generation is to avoid arterial segments to lie outside the predefined ventricle wall. The boundaries of the heart wall must constrain the vasculature within the volume defined by the ventricle surfaces. Beard et al. [4] suggested that the larger branches (order 9 or larger) should be confined to the epicardium while the smaller branches are allowed to penetrate into the myocardium.
In order to define the epicardium and myocardium layers, NURBS boundary surfaces were manually segmented from MSCT dataset. The myocardium layer is between the inner myocardial surface and the outer myocardial surface. The epicardium layer is between the outer myocardial surface and the epicardial surface. To evaluate the effect from the NURBS surface boundaries, they were approximated with many triangular surface patches as shown in Figure 5(b) . The centroid, area, and normal vector were calculated for each triangular patch and the normal vectors are depicted in Figure 5 (c) to (e). In Figure 5 (c), the normal vectors of the inner myocardial surface are pointing outwards. The outward pointing normal vectors of outer myocardium are depicted in Figure 5 (d) and the inward pointing normal vectors of outer epicardium in Figure 5 (e). In order to generate the large arteries located outside of the myocardium, the larger arterial segments (order 9 and larger) were mathematically confined to grow between the epicardial surface and outer myocardial surface. For the smaller arterial segments, they were allowed to penetrate into both myocardium and epicardium layers, which were between outer inner myocardial and epicardial surfaces. To generate a new daughter segment at bifurcation site c x , we defined the boundary avoidance vector, b v , as, L is the expected length of the current generating segment.
In Beard at al. [4] , s v and b v were directly used to define the daughter segment vector. Thus, the optimal branching angles could not be achieved. Instead, in our approach, s v and b v were used to define a branching plane which allowed the daughter branches to satisfy the optimal angles at the same time. The downstream point of daughter branches were calculated by adding the current bifurcation position to the daughter branch vectors and scaled by corresponding nominal lengths 1 L and 2 L which were statistically determined from the morphometric data. They were defined as
Therefore, both d1 x and 2 d x were on the branching plane.
RESULTS AND DISCUSSION
Similarly to our previous research in mathematically extending the airway tree in the lungs [13] , nine rules were defined for producing our mathematical extension portion of the coronary arterial tree. The rules are summarized as follows: 1) two daughter branches are produced for each parent branch; 2) the daughter branches lie in the branching plane; 3) the flow rate of the parent branch is conserved after branching; 4) the diameters of the daughter branches are statistically determined by the connectivity probability and nominal diameters of the morphometric data; 5) the flow-dividing ratio and branching angles are found by substituting values for diameters of the daughter branches as defined in Eqs. (3), (4), (10) and (11); 6) the branch length of a given order is determined statistically by nominal length of the morphometric data; 7) the larger branches (order 9 or larger) are confined to the epicardium layer and the smaller branches are allowed to penetrate into the myocardium layer; 8) the combined branching vector is determined by the self avoidance and boundary avoidance algorithms as defined in Eq. (14); and 9) the normal vector of the branching plane is calculated from the parent branch vector and the combined branching vector as defined in Eq. (15).
The generation algorithm successively generated two daughter segments at each bifurcation as outlined above and iterated until the segments of largest six orders were constructed. A coronary arterial tree model, including the LAD, LCX and RCA, was generated. The generated coronary arterial tree is displayed through the transparent ventricular wall in Figure 7 at different level of details. The six largest order model of the coronary arterial tree, which had diameters down to 200µm, consisted of 3301, 1289, and 4069 segments for LAD, LCX, and RCA respectively. (e) Order 7 to 11 (f) Order 6 to 11 Figure 7 . The computer generated coronary arterial tree at different levels of detail
CONCLUSIONS
An anatomically realistic 3D model of the coronary arterial tree was generated by bifurcating iteratively based on a novel rule-based generation algorithm which merging the knowledge from MSCT data and statistical morphometric data. Fluid mechanic bifurcation constraints, self avoidance algorithm, boundary avoidance algorithm and formation of branching plane were employed to extend the initial segmented coronary arteries. Further work, such as uniformity of the vessel distribution in myocardium, is required to validate the anatomical accuracy of the generated vasculature model. When combined with the heart model of the 4D NCAT phantom, the new model provides a unique tool to study cardiovascular characteristics and diseases through direct and medical imaging simulation studies.
